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Abstract
We establish strict upper bounds on local quantum uncertainty (LQU) and skew information
associated with state conversion via certain quantum channels. Specifically, we obtain a bound on
the achievable LQU for bipartite channels whose Kraus operators commute with nondegenerate
von Neumann measurements on the first subsystem, and this LQU bound is expressed in terms
of the skew information for the first subsystem. Furthermore, we establish a bound on the skew
information of one subsystem obtained from any initial bipartite state subject to any quantum
steering channel, and this bound is expressed in terms of the LQU for the initial joint-system state.
Our two claims show that state conversion has fundamental limitations relating LQU with skew
information.
∗Electronic address: lqiu@cumt.edu.cn
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I. INTRODUCTION
Skew information, motivated by the study of quantum measurements in the presence
of a conserved quantity [1, 2], was introduced by Wigner and Yanase in 1963 [3] and was
originally used to describe the information content of mixed states. Luo demonstrated that
the statistical idea underlying skew information is the Fisher information, used for the
theory of statistical estimation [4], while Fisher information is not only a key notion of
statistical inference [5, 6] but also plays an increasing role in informational treatments of
physics [7–11]. Based on skew information, an intrinsic measure for synthesizing quantum
uncertainty of a mixed state has been proposed [12]. The measure for correlations in terms
of skew information is also given, and the evaluation of the measure does not involve any
optimization, in sharp contrast to the case for entanglement and discord measures [13].
As for correlations, Girolami et al. defined and investigated a class of measures of bipartite
quantum correlations of the discord type [14] through local quantum uncertainty (LQU) [15],
which is also obtained from the skew information. Skew information is also proven to be an
asymmetry monotone in Refs. [16, 17]. Moreover, Girolami originally proposed the skew
information as a coherence monotone [16]; however, such a quantity may increase under the
action of incoherent operations [18]. In other words, skew information violates monotonicity,
which is one of the postulates that any quantifier of coherence should fulfill [19].
Coherence of a single system can be traded for quantum correlations. The relation between
coherence and entanglement is studied in Refs. [20–23]. The link between specific coherence
and discord-type measures has also been reported in Refs. [21, 24, 25]. The interplay between
coherence and quantum discord in multipartite systems has been investigated in Ref. [26].
Motivated by these results, we now investigate bounds relating skew information to LQU.
Specially, we prove that the LQU created between a single partite and an ancilla by quantum
operations is bounded above by the initial skew information of the single system.
Quantum steering is a process by which Alice can steer the quantum state of Bob by
her local selective measurement if they initially share a correlated quantum system. It is a
kind of nonlocal correlation introduced by Schro¨dinger [27, 28] to reinterpret the Einstein-
Podolsky-Rosen (EPR) paradox [29]. According to Schro¨dinger, entanglement between two
subsystems in a bipartite state is the vital ingredient in quantum steering. EPR steering has
received much attention both theoretically and experimentally [30–33]. Quantum steering
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is intimately connected to remote state preparation [34]. The power of Alice’s local prob-
abilistic measure to create coherence on Bob’s side is also investigated [35]. Moreover, the
complementarity relations between coherence measured on mutually unbiased bases using
various coherence measures have been obtained [36].
The converse procedure of converting local coherence to quantum correlations, i.e., to
extract local coherence from a spatially separated yet quantum correlated bipartite system,
is of importance. Chitambar et al. introduced and studied the task of assisted coherence
distillation, where local quantum-incoherent operations and classical communication are
employed [37]. Coherence can also be extracted from measurement-induced disturbance [38],
while the latter characterizes the quantumness of correlations [39]. Motivated by these
results, we also investigate bounds on skew information with respect to LQU with these
bounds arising from quantum steering channels: we find that LQU is the upper bound of
skew information.
The paper is organized as follows. In Sec. II, we introduce the definitions of skew informa-
tion and LQU. Bounding skew information by LQU is investigated in Sec. III. Subsequently,
we investigate a bound on skew information from LQU for the process of quantum steering
in Sec. IV. We conclude in Sec. V.
II. SKEW INFORMATION AND LOCAL QUANTUM UNCERTAINTY
Skew information is
I(ρ,X) := −
1
2
Tr[ρ1/2, X ]2, (1)
where Tr denotes the trace, and [•, •] denotes the commutator. ρ is a general quantum state
and X is an observable, which is a self-adjoint operator, and X can be a Hamiltonian. If
[ρ,X ] = 0, thenX is conserved [13]. The skew information provides an alternative measure of
the information content for ρ with respect to observables not commuting with the conserved
quantity X [3].
Skew information has the following nice properties.
(1) For pure states (ρ2 = ρ), I(ρ,X) reduces to the conventional variance V (ρ,X) :=
Tr ρX2 − (Tr ρX)2 and I(ρ,X) satisfies 0 ≤ I(ρ,X) ≤ V (ρ,X).
(2) I(ρ,X) is convex, which means the skew information decreases when several states
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are mixed [3, 40]:
I
(∑
i
αiρi, X
)
≤
∑
i
αiI(ρi, X), αi ∈ R. (2)
Here the probability distribution {αi} satisfies
∑
i αi = 1 and 0 ≤ αi ≤ 1. On the contrary,
the variance V (ρ,X) is concave in ρ.
(3) In the Hilbert space HA ⊗ HB of a composite system AB, the skew information
of quantum state ρAB and that of the reduced density matrix ρA := TrB ρAB have the
relation [40]
I (ρAB, XA ⊗ IB) ≥ I(ρA, XA) (3)
for any observable XA in HA. Here IB is the identity operator in HB.
The state ρ and the observable X fix the skew information I(ρ,X). In order to eliminate
the observable on skew information, and get an intrinsic quantity capturing the information
content of ρ, Luo introduced the average [12, 41]
Q (ρ) :=
n2∑
i=1
I(ρ,X i), (4)
where {X i} constitutes an orthonormal basis for an n2-dimensional Hilbert space L(H ) of
all observables on n-dimensional quantum system with the Hilbert-Schmidt inner product
〈X, Y 〉 = TrXY ∈ R. Then Q (ρ) depends only on the quantum state ρ and is independent
of choice of the orthonormal basis {X i}. Q (ρ) is considered not only to be a measure
of information content of ρ, but also a measure of quantum uncertainty [12]. The global
information content of ρAB in terms of local observables of n-dimensional quantum system
A is
QA(ρAB) =
n2∑
i=1
I(ρAB, X
i
A ⊗ IB), X
i
A ∈ L(HA). (5)
Girolami et al. defined LQU as the minimum skew information achievable on local von
Neumann measurement of a subsystem [15]. Specifically, for a bipartite quantum state ρAB,
we consider the local observable KΛ = KΛA ⊗ IB such that K
Λ
A is a Hermitian operator on
subsystem A with nondegenerate spectrum Λ. Optimized over all local observables on A
with nondegenerate spectrum Λ, the LQU with respect to subsystem A is
UΛA = min
KΛ
A
I(ρAB, K
Λ). (6)
LQU is shown to be a full-fledged measure of bipartite quantum correlations, and it can be
evaluated analytically for the case of bipartite 2× d systems [15].
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III. BOUNDS FOR SKEW INFORMATION AND LOCAL QUANTUM UNCER-
TAINTY
In terms of the Kraus representation, a completely positive trace-preserving map Φ trans-
forms ρ into another state Φ (ρ) by
Φ (ρ) =
∑
j
EjρE
†
j (7)
with the unit trace condition TrΦ (ρ) = 1 leading to
∑
j E
†
jEj = I. Now we present the first
claim of the paper.
Claim 1. If KΛA is any von Neumann measurement acting on HA with nondegenerate spec-
trum Λ, the LQU created between a state ρA in system A and an arbitrary ancilla τB in
system B by quantum operation Φ with Kraus operators Ejs commuting with K
Λ
A ⊗ IB, i.e.,
[Ej , K
Λ
A ⊗ IB] = 0, is bounded above by the skew information of ρA in terms of K
Λ
A:
max
τB
UΛA(Φ(ρA ⊗ τB)) ≤ I(ρA, K
Λ
A). (8)
Proof. First of all, according to the results given in Ref. [13], i.e.,
I(ρA ⊗ τB, XA ⊗ IB) = I(ρA, XA), (9)
we have
I(ρA, K
Λ
A) = I(ρA ⊗ τB, K
Λ
A ⊗ IB). (10)
Based on Theorem 1 in Ref. [42], which shows I(Φ (ρ) , X) ≤ I(ρ,X) if the quantum opera-
tion Φ does not disturb the observable X in the sense that all Ejs commuting with X , we
obtain
I(ρA ⊗ τB, K
Λ
A ⊗ IB) ≥ I(Φ(ρA ⊗ τB), K
Λ
A ⊗ IB) (11)
because we have assumed that
[Ej, K
Λ
A ⊗ IB] = 0 ∀j. (12)
Clearly
I(Φ(ρA ⊗ τB), K
Λ
A ⊗ IB) ≥ min
KΛ
A
I(Φ(ρA ⊗ τB), K
Λ
A ⊗ IB), (13)
the right-hand side of which is just the LQU of the state Φ(ρA ⊗ τB), i.e.,
UΛA(Φ(ρA ⊗ τB)). (14)
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Remark 1. Claim 1 demonstrates that the information content of the mixed state ρA for
subsystem A bounds the discord-type quantum correlations for the joint AB system for any
tensor product state of ρA in subsystem A and arbitrary state in subsystem B.
Now we investigate bounds on skew information in terms of LQU for quantum steering
channels. Alice and Bob are assumed to share a quantum correlated state ρAB initially.
Bob’s state is steered to
ρiB =
〈θiA| ρAB |θ
i
A〉
pi
, pi = Tr[ρAB(θ
i
A ⊗ IB)] (15)
after Alice implements local projective measurement
θiA = |θ
i〉A 〈θ
i| , (i = 0, 1, · · · , nA − 1), (16)
where nA is the dimension of the subsystem A. If K
Λ
B is just the von Neumann measurement
with nondegenerate spectrum Λ in LQU, i.e.,
UΛB(ρAB) = min
KΛ
B
I
(
ρAB, IA ⊗K
Λ
B
)
, (17)
we define the steering-induced skew information in terms of KΛB as
I¯(ρB) := max
ΘA
∑
i
piI(ρiB, K
Λ
B). (18)
Here the maximization is taken over all of Alice’s projective measurement basis ΘA = {θ
i
A}
(i = 0, 1, · · · , nA − 1).
Claim 2. The steering-induced skew information is bounded above by LQU with respect to
the subsystem B; i.e.,
I¯(ρB) ≤ U
Λ
B(ρAB). (19)
Proof. In order to prove the result, we first note that
∑
i
piI(ρiB, K
Λ
B) =
∑
i
piI(θiA ⊗ ρ
i
B, IA ⊗K
Λ
B) (20)
due to the fact
I(ρA ⊗ τB, IA ⊗K
Λ
B) = I(τB, K
Λ
B), (21)
which has been proved in Eq. (8) in Ref. [13]. Based on the fact that
θiA ⊗ ρ
i
B =
θiAρABθ
i
A
pi
, (22)
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we obtain ∑
i
piI(θiA ⊗ ρ
i
B, IA ⊗K
Λ
B) =
∑
i
piI((θiAρABθ
i
A)/p
i, IA ⊗K
Λ
B). (23)
In Ref. [13], the result
I((εA ⊗ IB)ρAB, IA ⊗K
Λ
B) ≤ I
(
ρAB, IA ⊗K
Λ
B
)
(24)
with εA being an operation on the state space of HA has been proved. Therefore,∑
i
piI((θiAρABθ
i
A)/pi, IA ⊗KBa) ≤
∑
i
piI
(
ρAB, IA ⊗K
Λ
B
)
, (25)
the right-hand side of which yields
I
(
ρAB, IA ⊗K
Λ
B
)∑
i
pi = I
(
ρAB, IA ⊗K
Λ
B
)
, (26)
i.e., LQU in terms of the observable of the subsystem B.
Remark 2. Claim 2 indicates that the discord-type quantum correlations for any state of
the joint AB system bounds the information content for a subsystem in the procedure of
quantum steering.
Obviously, the definition of the steering-induced skew information given above depends
on the local von Neumann measurement. In order to eliminate it, we introduce the average
steering-induced skew information as
Q¯(ρB) = max
ΘA
∑
i,j
piI(ρiB, X
j
B), (27)
where XjB constitutes an orthonormal basis for the Hilbert space L(HB) of all observables on
subsystem B. Q¯(ρB) depends only on Alice’s projective measurement and the state shared
by Alice and Bob, while is independent of the observable.
According to the proof procedure for Claim 2, we have∑
j
I(ρiB, X
j
B) =
∑
j
I(θiA ⊗ ρ
i
B, IA ⊗X
j
B)
=
∑
j
I
(
(θiAρABθ
i
A)/p
i, IA ⊗X
j
B
)
≤
∑
j
I(ρAB, IA ⊗X
j
B) (28)
Subsequently, we have
Q¯(ρB) ≤ max
ΘA
∑
i
pi
∑
j
I(ρAB, IA ⊗X
j
B) =
∑
j
I(ρAB, IA ⊗X
j
B) = QB(ρAB). (29)
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Remark 3. The average steering-induced skew information is bounded above by the global
information content of ρAB with respect to the local observables of the subsystem B.
IV. CONCLUSIONS
Resource interconvertibility, namely, trading one resource for another, motivates research
on the transformation between quantum coherence and either entanglement or quantum
correlations. Here we investigate interconvertibility between skew information and LQU.
The former could be viewed as the measure of the informational content of mixed states, an
asymmetry monotone, and even as a measure of quantum coherence. The latter measure,
LQU, is a full-fledged measure of bipartite quantum correlations.
Our work establishes bounds on skew information and LQU associated with state conver-
sion via certain quantum channels. In particular, by using bipartite channels whose Kraus
operators commute with nondegenerate von Neumann measurements on the first subsys-
tem, discord-type quantum correlations for the joint system are bounded above by skew
information of the subsystem.
On the contrary, for the procedure of quantum steering, LQU of the initially shared state
is the upper bound of the steering induced skew information. Furthermore, for the case of
being independent of the observables, the average steering-induced skew information of the
subsystem is bounded above by the global information content of the bipartite system with
respect to the local observables.
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